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CN . Abstract: Given a linear connection D on a manifold M and a smooth 

field of endomorphisms J^ of the generalized tangent bundle TM := TM © 
T*M, such that J'^ = —Id and J' is symmetric or skew-symmetric with 
respect to the canonical metric of neutral signature of TM, we construct an 
almost complex structure on the cotangent manifold T*M and we study its 

^ . integrability. Our approach unifies and generalizes various results already 

J3 '. existing in the literature. 
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1 Introduction 

The starting point of this note is a result proved in [T], which states that 

^ ! the cotangent manifold of a special symplectic manifold (M, J, V, u) inherits, 

. I under the assumption that co^'^ is non-degenerate and V-parallel, a canonical 

^ I hyper-Kahler structure (Ji, J2,g)- Recall that a manifold M with a complex 

cn ' structure J, a flat connection V and a symplectic form u is special symplectic 

if d^J = (i.e. VxiJ)iY) = Vy(J)(X), for any X,Y e TM) and Vu; = 0. 

The connection V, acting on the cotangent bundle vr : T*M — )■ M, induces 
^ [ a decomposition 

---■ T{T*M) = H^ ®7i*T*M = 7i*{TM®T*M) (1) 

into horizontal and vertical subbundles. By means of this decomposition, the 
hyper-Kahler structure on T*M is given by (the pull-back of) 

-^'-[O J* J' •^^-[ u^'' y) ' ^ - 1^ {g^'')-^ 

where g^'^ := a;^'^(J-, ■). A key fact in the proof that {Ji,J2,g) is hyper- 
Kahler is the integrability of Ji and J2. The integrability of J2 follows from 



a local argument, which uses V-flat coordinates and Vw^'^ = 0. For the 
integrability of Ji, one notices, using the special complex condition d^ J = 
0, that H^^ C T(T*M) is invariant with respect to the canonical complex 
structure Jean of T*M induced by J. Hence, Ji coincides with Jean and is 
integrable. These arguments can be found in pLj. 

With special geometry as a motivation, in this note we consider the fol- 
lowing setting: a manifold M with a linear connection D and a smooth field 
of endomorphisms of the generalized tangent bundle TM := TM © T*M, 
such that J^^ = — Id. Following [9] (rather than the usual terminology from 
generalized geometry), we call J7 a generalized almost complex structure. 
Motivated by Ji and J2 above, we assume that J' is symmetric or skew- 
symmetric with respect to the canonical metric of neutral signature of TM. 
From D and JT we construct an almost complex structure J'^'^ on the cotan- 
gent manifold T*M and we study its integrability. This provides a new in- 
sight, from the generalized complex geometry point of view, on the above 
arguments from [1]. It turns out that other results from the literature fit 
into this framework. 

The structure of this note is the following. In Section [2] we prove basic 
facts we need from generalized geometry. While skew-symmetric generalized 
complex structures are well-known (see e.g. Gualtieri's thesis |6j for basic 
facts), the symmetric ones do not seem to appear in the literature. We be- 
gin by studying symmetric generalized complex structures on (real) vector 
spaces. We find the general form of their holomorphic space (see Proposition 
Hj) and we show that any symmetric generalized complex structure on a vector 
space is, modulo a i?-field transformation, the direct sum of one determined 
by a complex structure and another determined by a pseudo-Euclidian met- 
ric (see Examples El and Theorem [7]). Therefore, there is an obvious analogy 
with the theory of skew-symmetric generalized complex structures developed 
in [6j and we discuss it in Subsection 12.21 For our purposes it is particularly 
relevant the common description of the holomorphic space L'^{E, e) of a sym- 
metric or, respectively, skew-symmetric generalized complex structure on a 
vector space V, in terms of a complex subspace E C V^, with E + E = V'^, 
and a skew- Hermit ian, respectively skew-symmetric form e on E, satisfying 
a non-degeneracy condition (see Corollary [H]) . These results extend point- 
wise to manifolds (see Subsection 12. 3p . Despite the above analogies, there is 
an important difference between symmetric and skew-symmetric generalized 
almost complex structures: unlike the skew-symmetric ones, the symmetric 
generalized almost complex structures are never (Courant) integrable. 

In Section [3] we prove our main result. Here we determine necessary 
and sufficient conditions for the almost complex structure J'^'^ on T*M, 
determined by a symmetric or skew-symmetric generalized almost complex 



structure J ow a, manifold M and a linear connection D on M, to be inte- 
grable. We obtain obstructions in terms of the curvature of D and the data 
{E, e) defining the holomorphic bundle L of J . In particular, the complex 
subbundle E C T'^M must be involutive and e must satisfy a differential 
equation involving D (see Theorem \\M . 

Various particular cases of our main result are discussed in Section HI Be- 
sides the above examples coming from special geometry, we consider the case 
when M = G is a Lie group and J a (left)-invariant skew-symmetric gener- 
alized almost complex structure on G. With the connection D suitably cho- 
sen, the integrability of J"^'^ becomes precisely the Courant integrability of 
JT" (see Proposition [2T|) . We recover the well-known bijective correspondence 
between invariant skew-symmetric generalized complex structures on G and 
invariant complex structures on the cotangent group T*G, skew-symmetric 
with respect to the natural bi-invariant metric of neutral signature of T*G 
(see [21 El E]). Other examples, coming from Hermitian geometry, are also 
discussed (see Corollary [T8l) . 

2 Symmetric generalized complex structures 

In this section we develop the basic properties of symmetric generalized com- 
plex structures. Subsections 12.11 and 12.21 refer to their algebraic properties, 
while in Subsection 12.31 we discuss the integrability. 

2.1 Linear symmetric generalized complex structures 

Let V^ be a real vector space of dimension 2n. We denote by 

g,UX + i,Y + r^) = ]^{i{Y) + 'n{X)), X + i,Y + i^eV®V* (2) 

the canonical pseudo-metric of signature (2n, 2n) on V ®V*. 

Definition 1. A (symmetric, respectively skew-symmetric) generalized com- 
plex structure on V is an endomorphism J G End(y © V*) such that J^ = 
—Id (symmetric, respectively skew-symmetric with respect to gcw)- 

Remark 2. In the classical terminology of generalized geometry, a general- 
ized complex structure is automatically assumed to be skew-symmetric. In 
this note we prefer the language of [9], where generalized complex structures 
are not assumed, apriori, to be compatible in any way with gfcan- 

In the following proposition we describe the holomorphic space of symmet- 
ric generalized complex structures. Before we need to introduce a notation 
which will be used along the paper. 



Notations 3. For a complex subspace E C V^, we denote by E the image 
of E through the anti-linear conjugation V'^ 3 X ^ X E V^ with respect to 
V. It is a complex subspace of V^. 

Proposition 4. A (complex) subspace L of {V Q) V*)^ is the holomorphic 
space of a symmetric generalized complex structure on V if and only if it is 
of the form 

L = L-{E,e):={X + ieE® (F^)*, ^Ie = ^xe}. (3) 

where E is any complex subspace of V^ , such that E + E = V'^, and 
e E E* ® E* is any complex-bilinear form satisfying the following two condi- 
tions: 

i) it is skew-Hermitian, i.e. 



e{X, Y) + e{Y, X) = 0, VX, Y e E. (4) 

a) Im(e|A) is non- degenerate. Here A G V is the real part of E Ci E, i.e. 

A^ = EnE. 

Proof. Let ^7 be a symmetric generalized complex structure on V, with holo- 
morphic space L C (y Q) V*)"^ . We denote by 

7ii:{V(BV*f^V^, n2:{V(BV*f^{Vy 

the natural projections. Define E := 7ri(L) and let 

e:E^E\ e{X) := tx^ o {tii\l)-\X)\e. (5) 

We claim that e E E* ® E* is well defined. To prove this claim, we first 
remark that L is g'can-orthogonal to L (because J is symmetric), or 

^(F)+r7(X) = 0, VX + e,F + 77GL. (6) 

Thus, if X + ^i,_X + ^2 6 (7ri|L)-i(X), i.e. X + G,X + ^2 G I^, then, from 
^, ii = ^2 on E and we obtain that e is well-defined, as required. From the 
very definition of e, L C L~{E, e) and, for dimension reasons, we deduce that 
L = L~{E,e). Since L is (^can-orthogonal to L, e must be skew-Hermitian. 
Moreover, L®L = {V ® V*)^ implies that E + E = V'^. We now claim that 
L n L = {0} implies that Im(e|A) is non-degenerate. To prove this claim, 
assume, by absurd, that there is X 7^ in the kernel of Im(e|A)- Define 
e e (y^)* by 



az) = €ix,z), az) = eix,z), \fZeE. 



Using that X G Ker(Ini(e|A)), one can check that ^ is well-defined and X+C, € 
L r\ L, which is a contradiction. The claim follows. 

Conversely, it may be shown that any subspace E C V^, with E + E = 
V'^, and skew-Hermitian form e & E* ®E* with the non-degeneracy property 
a), define, by ([3]), the holomorphic space of a symmetric generalized complex 
structure on V . D 

Corollary 5. Let J he a symmetric generalized complex structure on V , 
with holomorphic space L~{E,e). Then Im(e) is a pseudo-Euclidian metric 
and Re(e) is a 2-form on A (the real part of E (1 E). 

Proof. Straightforward, from (jl]) and the non-degeneracy of Im(e|A). □ 

Examples 6. i) A complex structure J on y defines a symmetric generalized 
complex structure 

J-=( ^ ° 

where J*^ := ^ o J. Its holomorphic space is L'iV^'^, 0) = F^'° © Ann(y°'^), 
where V^'^ is the holomorphic space of J. 

ii) A pseudo-Euclidian metric, seen as a map g : V -^ V*, defines a 
symmetric generalized complex structure 

Its holomorphic space is L~{V'^, ig'^), where g'^ G {V^ ® V""^)* is the complex 
linear extension of g. 

iii) If J7 is a symmetric generalized complex structure, then so is its in- 
field transformation exp(i?) ■ J' := exp(i?) o^7'oexp(— 5), where B G A^(l/*) 
and the S-field action is defined by 

exp{B) : V ® V* -^ V ® V* , X + C^X + ixB + ^. 

If L~{E,e) is the holomorphic space of J', then L~{E,e + B"^]^^^) is the 
holomorphic space of exp(i?) ■ J', where B'^ G A'^iV'^)* is the complex linear 
extension of B. 

In following theorem we show that any symmetric generalized complex 
structure can be (non-canonically) obtained from a complex structure, a 
pseudo-Euclidian metric and a -B-field transformation. 



Theorem 7. Any symmetric generalized complex structure on a vector space 
V is a B-field transformation of the direct sum of one determined by a com- 
plex structure and another determined by a pseudo-Euclidian metric (as in 
Examplesl^. 

Proof. Let J' G End(y ©V'*) be a symmetric generalized complex structure, 
with holomorphic space L = L~{E, e) (see Proposition H]). Let A be the real 
part oi E n E (i.e. A C V^ and A''' = E n E) and N a complement of A in 
V. Thus 

V = A®N, E = A'^®{EnN^). 

We denote by pr^c and pr^yc the projections from V"^ to A^ and A^^ re- 
spectively. We notice that A comes with pseudo-Euclidian metric, namely 
Im(e|A), and N with a complex structure J^ , with holomorphic space EnN'^ 
(and anti-holomorphic space E fl A^*^). We claim that there is S G A'^{V*) 
such that 

(\/,exp(S) ■ J) = (A,Im(e|A)) © {N, J^), (7) 

where (A, Im(e| a)) and (A^, J^) are considered as vector spaces with symmet- 
ric generalized complex structures. In order to prove the claim, recall, from 
Examples El that the holomorphic space of (A, Im(e|A)) is L~(A''', 'iIm(e|A)''') 
and the holomorphic space of (A^, J^) is {E n A^*^) © Ann(£' n A^*^). Relation 
([7]) is equivalent to the following statement: 

if and only if 

Wac{X)+^\^c e L-{A^,ilm{e\Af), pr^c(X)+eUc G (£;nA^^)©Ann(^nA^^ 

One checks immediately that this, in turn, is equivalent to: 

(S + Re(e)) IaCxAC = 0, {B +e)|(£;nAfC)xAC = 0, {B +e)\Ex{EnN'=) = ^- 

(8) 
Hence, we are looking for a (real) 2-form B G A'^{V*) such that ([8]) is satisfied. 
Define a real bilinear form i? on V^ = A © A^, by 

B{X, Y) := -Re(e)(X, Y), B{Z + Z,W + W) = -2Re(e)(Z, W) 

and 

B{X, Z + Z) = -B{Z + Z,X)= 2Re(e)(Z, X), 

where X, y G A and Z,W ^ E (1 N^ (any element from A^ can be uniquely 
written as a sum Z + Z where Z e E H N'^). Using that e e E* ^ E* is 
skew-Hermitian, it is easy to check that B is skew-symmetric and its com- 
plexification satisfies ([8]). This concludes our claim. 

D 
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2.2 Analogy with skew-symmetric generalized complex 
structures 

The theory from the previous section is similar to the theory of skew-symmetric 
generahzed complex structures developed by Gualtieri in [B] and allows a uni- 
fied treatment of these two types of structures. It is well-known that complex 
and symplectic structures define skew-symmetric generalized complex struc- 
tures and this corresponds to Example [6] i) and ii). In the same framework, 
Theorem [7] above is analogous to Theorem 4.13 of [0], which states that any 
skew-symmetric generalized complex structure, is, modulo a 5-field transfor- 
mation, the direct sum of a skew-symmetric generalized complex structure 
of symplectic type and a one of complex type. 

The following unified description of the holomorphic space of symmetric 
and skew-symmetric generalized complex structures is a rewriting of Propo- 
sition H] from the previous section and of Propositions 2.6 and 4.4 of [Bj. We 
shall use it in our main result (Theorem [Ti 



Corollary 8. A complex subspace L C {V(BV*)'^ is the holomorphic space of 
a symmetric or, respectively, skew- symmetric generalized complex structure 
if and only if it is of the form 

L = U{E, e) = {X + ieE® (\/^)*, eir(s) = *x(e)} (9) 

where E C V^ is a complex subspace such that E + E = V^ and e G -E* ® 
t{E)* is complex bilinear, such that Im(e| a) is non-degenerate (where A G V, 

A^ = EnE) and 

e(X,r(y)) + r(e(y,r(X)))=0, \fX,Y e E. (10) 



In ^ and / fJOj) the maps r : V'^ — )■ V'^ and r : C — t- C are both complex 
conjugations, respectively both identity maps. 

2.3 Remarks on integrability 

The generalized tangent bundle TM = TM ®T*M of a smooth manifold 
M has a canonical metric of neutral signature, defined like in ([2]), and the 
theory developed in the previous sections extends pointwise to manifolds, in 
an obvious way. In particular, the holomorphic bundle L of a symmetric or 
skew-symmetric generalized almost complex structure on M may be given in 
terms of a complex subbundle E C T'^M (the image of L through the natural 
projection (TM®T*M)^ -^ T^M) and a section e G V{E*®T{Ey), satisfy- 
ing the algberaic properties from Corollary [H] (we assume that all points are 



regular, i.e. E is a. genuine complex vector bundle). However, in the setting 
of manifolds we have to consider a new ingredient: the Courant bracket. It 
is defined on sections of TM by 

[X + C,Y + v] = [X, Y] + Lxv -Ly^ + l (e(>^) - viX))) • 

Definition 9. A generalized almost complex structure on a manifold M is 
called integrable (or simply a generalized complex structure) if the space of 
sections of its holomorphic bundle is closed under the Courant bracket. 

The integrability for skew-symmetric generalized almost complex struc- 
tures of complex or symplectic type reduces to the usual integrability for 
almost complex and almost symplectic structures. More generally, the fol- 
lowing holds (see Proposition 4.19 of [6j): 

Proposition 10. A skew- symmetric generalized almost complex structure on 
a manifold M, with holomorphic bundle L = L{E, e), is integrable, if and only 
if the subbundle E C T'^M is involutive and d^je = 0, where dEe G A^{E*) is 
the exterior differential of e along E, defined by 

{dEe){X, Y, Z) := X (e(y, Z)) + Z (e(X, Y)) + Y (e(Z, X)) 
+ e(X, [y, Z]) + e(Z, [X, Y]) + e(y, [Z, X]) 

for any X,Y,Z eT{E). 

As opposed to Proposition [TOl the following holds. 

Lemma 11. Any symmetric generalized almost complex structure is non- 
integrable. 

Proof. As proved in Proposition 3.26 of j6j, a Courant integrable subbundle 
of T'-'M is either isotropic (with respect to s^can) or of the form (A © T*M)'^, 
where A C TM is involutive (and non-trivial). Hence, it cannot be the 
holomorphic bundle L of a symmetric generalized almost complex structure 
(recall that L is (^can-orthogonal to L and L (B L = T'^M). 

a 
3 The main result 

Let (M, J', D) be a manifold with a generalized almost complex structure J7 
and linear connection D. The connection D acts on the cotangent bundle 
n : T*M ^ M and induces a decomposition 

T{T*M) = H^ ® T'"''\T*M) = n*{TM) (11) 



into horizontal and vertical subbundles. Above, we identified the horizontal 
bundle H^ with 7r*(TM). By means of fITT]) . we shall systematically identify, 
without mentioning explicitly, the tangent bundle of the cotangent manifold 
T*M with 7r*(TM). 

Definition 12. The almost complex structure J"^'^ := vr*(j7') on T*M is 
called the almost complex structure defined by J and D. 

In this section we study the integrability of J'^'^, under the assumption 
that JT" is symmetric or skew-symmetric. We begin by fixing notations. 

Notations 13. In computations, we shall use the notation X for the D- 
horizontal lift of a vector field X E X{M). Sections oi ir : T*M -> M will 
be considered as constant vertical vector fields on the cotangent manifold 
T*M. With these conventions, the various Lie brackets [■,■]/; of vector fields 
on T*M are computed as follows: 

[X, Y]c{i) = [X, Y]^ - i?^,y (7), [X, a]c = Dx{a), [a, (3]c = (12) 
for any X,Y e X{M), a, /? G n^{M) and 7 G T*M, where 

R^^y := -DxDy + DyDx + D^xx] 
is the curvature of D. 

The main result from this section is the following. 

Theorem 14. Let (M, J', D) he a manifold with a symmetric or skew- symmetric 
generalized almost complex structure J and a linear connection D. Let 
L'^{E, e) be the holomorphic bundle of J , where E C T'^M and e G T{E* (8> 
t{E)*) satisfy the algebraic properties from Corollary\^ 

The almost complex structure J'^'^ from Definition [T^ is integrable, if 
and only if the following conditions hold: 

i) E is an involutive subbundle ofT'^M; 

^^; R'^IexE = and Dr(£;)r(r(£;)) C r(T(E)); 

m; define i : E x E ^ C and D : T{T^M) x T{T^M) -> T{T^M) by 
~e{X,Y) := e{X,r{Y)), DxiY) := rDx{r{Y)). 
Then, for any X,Y,Z e T{E), 

{DxiKY, Z) - (Dye)(X, Z) + ~e{T^Y, Z) = 0. (13) 
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In [T^) . Dx^ o.iT'd T^ are defined in the usual way: 

{Dxe){Y, Z) := X~e{Y, Z) - i{DxY, Z) - i{Y, DxZ), 
T^Y:=DxY-DyX-[X,Y]. 

Proof. We need to prove that tt*L'^{E, e) is integrable with respect to the Lie 
bracket [■, -jc on vector fields on the cotangent manifold T*M, if and only if 
the conditions i), ii) and in) hold. Remark, also, that in order to check the 
integrability of ir* L'^ {E , e) , it is sufficient to consider only basic sections of 
7r*L'^{E, e) (viewed as vector fields on T*M), i.e. sections of L'^{E, e), lifted 
to Ti*U{E,e). Therefore, let X + ^,y + r/ G L^iE,e), i.e. X,Y e T{E), 
C,r]E (T^M)* and 

e(T(Z)) = e(X,T(Z)), r^(r(Z)) = e(y,r(Z)), VZ G r(i?). (14) 

From ([nD, 

[X + ^,Y + rj]ch) = [X,Y]^-Rlyij) + Dxiv)-DyiO- (15) 

We obtain that [X+.C, Y-\-ri]c is a section of t[*L'^{E, e) if and only if the right 
hand side of flTSj) belongs to the fiber of L'^{E, e) at 7r(7), for any 7 G T*M, 
i.e. 

[X,Y]eTiE), Rlyh)=0 (16) 

and 

{Dxiv)-Dy{0)iriZ)) = e{[X,Y],riZ)), yZeT{E). (17) 

We now rewrite (TT7|) . From flT4|) . the left hand side of (TT7|) is equal to 

Xe(F, r(Z)) - ye(X, r(Z)) - r;(Dx(r(Z))) + epy(r(^))) 

and (TT7|) becomes 

Xe(y, r(Z)) - ye(X, r(Z)) - r^(Dx(r(Z))) + ^(I^y (r(^))) = e([X, F], r(Z)). 

(18) 
From (I14p . ^|r(£;) = "ix^, but (^ can take any values on a complement of t{E) 
in T^M. Similarly, the only obstruction on rj is its restriction to t{E). Using 
also flT6|) . it follows that tc*L'^{E, e) is [■, ■]£-involutive if and only if 

[T{E), T{E)] C r(^), i^^UxE = 0, DriE)T{T{E)) C r(r(^)) (19) 



and relation flT8|) holds. The third equality flT9|) implies that flT8|l is equivalent 
to flT3l) (easy check) and our claim follows. D 
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Remark 15. In the setting of the above theorem, if J is skew-symmetric, 
e = e G r(A2(E*)), b = D (because r : T^M -^ T^M is the identity map) 
and equation (TT3|) becomes 



ide){X,Y,Z)-iDze)iX,Y)-e{T^X,Y)-e{X,T^Y) = 0, \fX,Y, Z eViE), 

(20) 
where T^ is the torsion oi D. In particular, if E is involutive and the 
connection D is chosen such that 

R^'Ie.e = 0, DriE)riE) C r{E) (21) 

and 

iDze)iX,Y) = e{T^Z,Y) + e{X,T^Z), \/X,Y, Z eViE), (22) 

then J' is (Courant) integrable if and only if J-^'^ is integrable (because (120]) 
becomes (i£;e = 0, see Proposition [TU]) . In the following section we will give 
an example when fl2Tl) and fl22l) hold, for a suitable connection D (see Lemma 
EOD. 



Remark 16. The Lie bracket [■, ■]c is closely related to a bracket [■, ■]£> on 
sections of TM, defined and studied in 0: 

[X + C,Y + rj]D = [X, Y] + Dxiv) " ^y(0- (23) 

More precisely, 

[X + ^,Y + v]ch) = {n*[X + ^,Y + r]]D){l)-Rlyh), ^ieT*M. (24) 

When D is flat, the [■, -j^-integrability for J^'^ becomes the [■, -j^j-integrability 
for JT", which was studied in [9] for various classes of J and under the ad- 
ditional assumption that D is torsion-free. However, we do not assume the 
flatness (or torsion-free property) of D and we will consider in Section H] par- 
ticular cases when J'^'^ is integrable but D is not fiat. In our approach we 
use as a main tool the simple form of the holomorphic bundle of generalized 
almost complex structures (symmetric and skew-symmetric), which does not 
seem to be exploited in 0. 

4 Applications 

In this section we apply Theorem [H] to various particular cases. 
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Proposition 17. Let (M, J, D) be a manifold with an almost complex struc- 
ture J and linear connection D. The almost complex structure J^ on T*M, 
defined by D and the generalized almost complex structure 



,± / J 



is integrable if and only if J is a complex structure and 

Rjx,jY = Rx,Y, Dx{J){Y) = ±JDjx{J){Y), \fX,YeTM. 

Proof. We remark that J'^ is symmetric, witli liolomorpliic bundle T^'^M © 
Ann(T*^'^M), while J^~ is skew-symmetric, with holomorphic bundle T^'^^M® 
Ann(T^''^M), and, in the notations of Theorem [TU e = 0. From Theorem 
[HI if J^ is integrable, then T^'^M is involutive, i.e J is a complex structure. 
We remark also that R^\t'^,om,t^:'>m = if and only if Rjxjy = ^xy ^^^ 
Dr(T^,OM)T{T^'^M) C T{T^'^M) if and only if Dx(J)(l") = -JDjx{J), while 
I^r(Ti.oM)r(TO'iM) C r(TO'iM) if and only if Dx( J) (F) = JDjxl-J), for any 
X,Y & TM. The claim follows from Theorem [TH D 

The first statement of the following corollary was proved in pLj using 
different methods. 



Corollary 18. Consider the setting of Proposition [77. 

i) If (J, D) is a special complex structure, i.e. D is flat, torsion-free and 
id''j)x,Y := DxiJ){Y) - Dy{J){X) = 0, VX, F G TM, 
then J"*" is integrable. 

a) If D = D^ is the Levi-Civita connection of an almost Hermitian struc- 
ture {g, J), then J+ is integrable if and only if {g, J) is Kdhler and J~ is 
integrable if and only if J is integrable and the curvature of D^ is J -invariant. 

Hi) If D is the Chern connection of a Hermitian structure {J,g), then J^ 
are integrable. 

Proof. The claims follow from Proposition [T71 For i)., we remark that the 
special complex condition d^J = implies Dx{J)iY) = JDjx{J) for any 
X,Y e TM. For ii) we use that D^^{J) = -JD^j^{J), for any X e TM, if 
and only if J is integrable (see [S] or Proposition 1 of [4J). This proves the 
statement for J~ . The statement for J"*" follows as well: if J is integrable and 
D^^{J) = JDjxiJ), then D^J = and {g, J) is Kahler. For Hi) we use that 
the Chern connection is Hermitian with curvature of type (1,1). □ 
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The following lemma is a mild improvement of Lemma 6 of [Ij. 

Lemma 19. Let (M, uj, D) be a manifold with an almost symplectic structure 
u and linear connection D. The almost complex structure on T*M defined 
by D and the generalized almost complex structure 

\^ —u 

is integrable if and only if D is flat and, for any X,Y, Z E X{M), 

{duj){X, Y, Z) - {DzUj){X, Y) - u{T^X, Y) - u{T^Z, X) = 0. (25) 

Proof. The holomorphic bundle of J'^ is L{T'^M, iu'^) and the claim follows 
from Theorem [T3] and Remark [151 

D 

We now apply our theory to Lie groups. The key fact in the bijective 
correspondence between generalized complex structures on Lie groups and 
complex structures on cotangent groups is the integrability of the two struc- 
tures involved (for the precise statement of this correspondence, see [21 EJ [S] 
or the introduction). In Proposition |2T1 we show how this can be obtained 
from our approach. Below the superscript "left" means that the objects (vec- 
tor fields, sections, forms, etc.) are left-invariant. First we need the following 
simple lemma. 

Lemma 20. Let G be a Lie group and e G r(A^i?*)''^^* a (left-invariant) 
2-form on an involutive, left-invariant subbundle E C T'^G. Let D be the 
(flat) connection of G, defined by 

Dx(Y) = [X, Y], WX, Y e XiGY""^'. (26) 

Then Dr{E)^{E) C T{E) and 

{Dze){X, Y) = e{T^Z, Y) + e{X, T^Z), WX, Y, Z e T{E). 

Proof. The proof is straightforward. D 

Proposition 21. Let G be a Lie group and D the connection [2B) . A left- 
invariant skew-symmetric generalized almost complex structure J on G is 
(Courant) integrable if and only if the almost complex structure J'^'^ on 
T*G is integrable. 

Proof. Since JT" is left-invariant, so are E and e G A'^{E*), where L = L{E, e) 
is the holomorphic bundle of J7. The claim follows from Remark [151 and 
Lemma [201 □ 
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